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^ ' Abstract 

o 

■ Asymptotic behavior of energy of a harmonic map defined on an asymptot- 

Cf^ . icaUy hyperbohc manifold is considered. Using the growth of energy, we show 
that a harmonic map defined on some asymptotically hyperbolic manifolds has 

^1 to be constant if the total energy is finite, or if the map approaches a point fast 

I enough, in terms of a defining function for the boundary. 

o 
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^! 5 1. Introduction 



X 



Let (M, g) be a complete Riemannian manifold and (A^, 7) be a Riemannian manifold. 
For a smooth map f : M ^ N , the energy of the map / is given by 

Suppose that / : M — ^> is a harmonic map. A fundamental problem to consider 
is the relation between the harmonic map / and the energy e(/). Burns, Garber, 
Ruijsenaars and Seller [5] show that if (M, ^f) is the Euclidean space, then there are 
no non-constant harmonic maps with finite energy. As a special case of the results 
obtained in [13], Sealey shows that the same is true for the hyperbolic space. As often, 
if the total energy is infinite, then there is a growth formula on energy. Price [12] 
obtains the growth rate on energy for harmonic maps defined on the Euclidean space 
and Karcher and Wood [8] obtain the growth rate for simply connected complete 
Riemannian manifolds of bounded negative sectional curvature. The growth rate is 
used by Jin [7] to obtain the following interesting result. For n > 3, if / : IR" — > (A^, 7) 
is a harmonic map such that f{x) ^ yo & N as \x\ 00, then / is a constant map. 

-'^KEY WORDS: harmonic maps, asymptotically hyperbolic manifolds, energy estimate 
1991 AMS MS Classifications: Primary 58E20; Secondary 58G03 
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In this paper we study the energy behavior of of a harmonic maps defined 
on an asymptotically hyperbolic manifold. Asymptotically hyperbolic manifolds are 
generalizations of the hyperbolic space with the Poincare metric. Other examples 
of asymptotically hyperbolic manifolds include some non-compact quotients of the 
hyperbolic space. They are studied by various authors in connection with the Hodge 
cohomology [9] and Einstein metrics with prescribed conformal structures at the 
boundary [6] . We consider a harmonic map which is defined outside a compact subset 
of an asymptotically hyperbolic manifold. The total energy is found to be either 
infinite or the energy decay exponentially in terms of the distance. An example shows 
that it is possible to have a finite energy harmonic map defined outside a compact 
subset of a hyperbolic space. 

We study harmonic maps defined on the whole asymptotically hyperbolic 
manifold. It is shown that for a class of complete hyperbolic manifolds, there are no 
non-constant globally defined harmonic maps with finite energy. The growth rates of 
energy for harmonic maps on an asymptotically hyperbolic manifold are investigated. 
We show that if the total energy is infinite, then the energy grows exponentially in 
terms of the distance. The exponent can be chosen to be arbitrary close to that of 
the hyperbolic space. We note that previous results on growth rate of energy require 
the manifold to be simply connected. 

It is well-known that hyperbolic space supports bounded harmonic maps (for 
example, see [2]). We use the asymptotic properties of energy to show that if a 
harmonic map defined on an asymptotically hyperbolic manifold approaches a fixed 
point fast enough, then the harmonic map has to be a constant. More precisely we 
prove the following result. For an integer n > 3 , let M = H"+Vr be a complete 
hyperbolic manifold without cusps and the exponent of convergence of the Poincare 
series S(r) < n/2 — 1, or {M,g) is a simply connected asymptotically hyperbolic 
manifold with the sectional curvatures of {M,g) satisfying —6^ < K < —o? with 
na > 2b. Let / : (M, g) — > {N, 7) be a C^-harmonic map and be the distance 
function of N. If there exist a point i/o & N and positive constants C and a such that 

(1.1) dNiVo, fix)) < Cp'+'^ix) for xeM, 

then / is a constant map. If we assume that / can be extended to a C^-map on the 
closure M (see section 1), then the same conclusion holds if 

dN{yo,f{x))<Cp''{x), for xeM. 

The proof depends on a rather precise lower bound on the energy growth of a non- 
constant harmonic map defined on an asymptotically hyperbolic manifold. As in 
[7], the decay condition (1.1) gives an upper bound on the energy growth which 
contradicts with the lower bound unless the harmonic map is constant. We apply a 
regularity result to weaken the decay condition. 
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§ 2. Definitions and Basic Properties 



We defined a class of Riemannian manifolds called conformally compact manifolds. 
Let M be the interior of a compact {n + 1) -dimensional manifold M with boundary 
dM. Throughout this paper we assume that n > 2 unless otherwise is stated. A 
smooth function p : M — > i? is said to be a defining function for dM if 

p > , p"^(0) = dM and dp along dM . 

A Riemannian metric g on M is said to be conformally compact if there exist a defining 
function p for dM and a Riemannian metric h on M such that g = {1/ p^)h. The 
Poincare metric 

(2.1) J,,- = ^ , for X e , 

(1 — I X I )^ 

on the unit ball B"'~^^ is a conformally compact metric, with defining function 

Ph{x)= ^(l-|a;|^) for x e 

In general, (M, g^ is a complete Riemannian manifold which may not be simply 
connected. Mazzeo [9] shows that the sectional curvatures of a conformally compact 
metric approach — | dp |^ near the boundary dM . A conformally compact metric g is 
said to be asymptotically hyperbolic if \ dp = 1 along the boundary. In this case, 
the sectional curvatures of an asymptotically hyperbolic metric approach —1 near the 
boundary. Let x e dM and x' — {x2 , ....,Xn+i) be a system of local coordinates in 
a neighborhood of p in dM. With xi — p , {xi , ^2 , Xn+i ) is a coordinate system 
in a neighborhood of p in M. We may choose a defining function p such that in a 
neighborhood of dM, the metric g can be written as [6] 



(2-2) 9 = J, 



dp^ + ^ hij{p, x') dx^dx^ 

2<i, j<n+l 



In the following we discuss some basic properties we need about harmonic 
maps. Let (M, g) and (A^, 7) be Riemannian manifolds of dimension n + 1 and m 
respectively. Let {yi, ...,ym} be a local coordinate system for A^. If / : M — > A^ is a 
C^-map, then the energy density e(/) of / is defined by 

(2.3) ,y) = ,«,„,(;,|^g. 

We observe the summation convention throughout this paper. The map / is called a 
harmonic map if / is a critical point of the energy functional 

(2.4) E(f) = f e(/) dg 

Jm 
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with respect to compactly supported variations. Let / be a harmonic map. In local 
coordinates, / satisfies a system of equations [3] 



(2.5) '^^" + ^^'^^'^^9^^°' « = l'2,...,m, 

where A is the Laplacian operator for (M, g) and F^^ are the Christoffel symbols of 

As consequences of first variation, we have the following two formulas. The 
first one is with respect to a compactly supported vector field X on M. Let f : M ^ 
N he a, harmonic map. We have [12] 

(2.6) / {e(/) div X - 2 < d/( Ve,^) , dfie^) >} dg ^ , 

where {ei, e„+i} is an orthonormal basis for TpM' and < , > is the inner product 
of (iV, 7). Assume that N is isometrically embedded into R*, for some big integer s. 
Let ^9 : M — ^ be a compactly supported map, then the first variational formula 
gives [7] 

The stress-energy tensor 5"/ of / is defined by 

(2.8) Sf^^eif)-g-r{j). 
From [3] we have 

(2.9) {div Sf)i^g^''^,. Ski ^0 for i = + 

Let D he a bounded domain in M with boundary dD and X be a smooth vector field 
on D, then [14]: 

(2.10) If eif)<X,n>ds^ [ <Sf,vX> dg+ [ < df {X) , df {n) >ds , 

2 JdD Jd JdD 

where n is the outward pointing unit normal vector field along dD and ds is the 
induced measure on dD . Therefore the integral < Sf, \/X > dg depends only on 
the behavior of the vector field along the boundary. This is known as a conservation 
law for harmonic map. 
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§ 3. Asymptotic Properties of Energy 



In this section we consider harmonic maps defined outside a compact subset of an 
asymptotically hyperbolic manifold {M,g). We start with an asymptotic result near 
the boundary of M. Let X be a compact set in M, which may be empty. Given a 
defining function p so that the Riemannian metric g can be written in the form as in 
2.2. For a positive number cr, define 

^ {x e M \ p{x) < a} . 

If a is small enough, then is a diffeomorpic to dM x (0, a) . 

Theorem 3.1. For an integer n > 3 , let f : (M \ K ,g) ^ {N ,h) be a harmonic 
map. Then either E{f) — oo or, given any e > , there exist positive constants C 
and T such that 

I e(f)dg<Ca^''^''-'^ for < cr < T . 
Jd„ 

Proof. The defining function is chosen in such a way that g can be written in the 
form as in (2.2). Choose a positive number cr^ such that KcapD^j^ — . For cr > 0, 
let 

H„ ^ {x e M \ p{x) = a} . 

There exists a small positive number T < ctq such that for all < cr < T, H^j is 
diffeomorphic to dM. Assume that E{f) < oo. We need to show that 

Here dS — dhj p^ is the induced measure on H„ by the conformally compact metric 
g and 

dh = Y^det (/iij)2<ij<n+l ■ ■ ■ dxn+i . 

Denote 

^ai ,(72 = {P e M I (Ti < p{p) < 0-2} , < CTi < (72 < T . 

We have dDcr^^a^ — U H^j^. E{f) < 00 imphes that 

Hence there exists a sequence real numbers {cTj}^^ such that CTj < T and 
(3.3) lim CTi = and lim / e(f) dS ^ . 

For any cr < T and i large, let 
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be a vector field defined on Da-i,a- Applying (2.10) we obtain 
If e{f)<X',n>dS 
= / < Sf,\/X' > dg+ I < df(X'),df(n) > dS . 

Since n = cr^ along H„ and n = ~'^i-§^ along Ho-., we have 



(3.4) 



'dp 

I < S/, •gX'> dg+ ! < df (n), # (n) > 

- I < df{n),df{n) > dS . 

J Ha 



dS 



As 



<df{n),df{n)> < e{f), 
if we let i — > oo and apply (3.3), then we have 

(3.5) / <df{n),df{n)> dS^ [ < Sf,yX' > dg + \ ( e{f)dS. 

J Her •'^0,(7 ^ J Ha 

Using (2.2) and a calculation show that 

divA —n ph — — . 

2^ dp 

Let X E M with p(x) < a. We may choose local coordinates about x such that 

d d d 

(ei, 62, e„+i) = (p— , p— , p- ) 

dp dx2 axn+i 

is an orthonormal basis for Tx{M). Using (2.2), we have 



VeiX' = and ^e,X' = ej- -ph'^' —^ek for 2 < j , A; < n + 1 . 

' 2 dp 

Prom [13], we have 

< Sf, yX' >= ie(/) divX'- < (i/(e,), d/(e,) > < Ve,^', > . 



The calculation above shows that 



<Sf,yX'> = -e(/) 



1 uki^hki 



+ V^<d/(e,),d/(e,)> 



9p 



n+l 



-E < df{ej),df{ej) > 

J=2 
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As p — > on the boundary and his a, smooth metric on the closure M , all the terms 
involving p can be bounded by |e(/) for some positive constant S . Therefore if we 
choose T to be small, then we have 

(3.6) <Sf,vX'>> le(/)(n-2-5)+<(i/(ei),(i/(ei) > > 

for p{x) < a < T . Furthermore 5 can be taken to be depending on T and can be 
chosen to be as small as possible when T — > 0. Then (3.5) and (3.6) give 

(3.7) / <df{n),df{n)> dS > I [ e{f)dS for cr < T . 

J Ha^ Z J Her 

Equity holds if and only if 

/ <Sf,^X'> dg = 0. 

Prom (3.6), this is the case if and only if e(/) = on Do, a- By unique continuation, 
this is equivalent to / being a constant map. 

We introduce a change of variables = p so that e~* = T for some large 
number t . We have 



< oo . 



We want to show that for any positive constant e , there exists a positive constant 
to > i such that for alHi > to we have 

P-**) * - 1 - £^ e(/) ds) * . 

Assume that (3.8) is not true. Then there exists a positive constant e > such that 
no matter how large tg is, there exists ati > to such that 

(3.8') C^\Jh <f)dS^ dt < {n-l-e) ^[J^ e{f)dS^dt. 

Let t2> ti and 

be a vector field defined on D^-t2^e-H, where x is defined by 

' 0, if t < ti; 

X{t) = <{ t-ti, if ti >t <ii + l; 

1, if ^2 > ^ > ^1 + 1 ■ 
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A calculation similar to (3.6) gives, for t e [ti,ti + 1], 



<Sf,vX> = -e(/) 



nit-h) + l-lit-t,)ph'^^ 



1 

■5' 



dp 



n+1 



- - ^i) < df{ej), df{ej) > - < df {d) , df {d) > 

> ^e(/) [(n - 2 - 6) {t - h)] + {t - h) < df{e^), df{e,) > 
-<df(e,),df(e^)>+^e(f) 



For t e [ti + 1, t2], we have 

1 



<Sf,vX> 



e{f) 



1 ,kl (^^kl 

"-2"'' -ai 



+ 2"'' ^ 



n+1 



< df{ek),df(ej) >-J2< df(ej),df(ej) > 

J=2 



(it 



> -e{f)[{n-2-S)]+<df{e,),df{e^)> 
Using (2.10) and (3.7) we obtain 

(3.9) I j e(/) dS = if <Sf,vX> ds] 

+ r I f < Sf, \/X > ds]dt+ I < dfiei), df{e{) > dS 
> -0 (/ <f)dS)dt 

+hn-l-5)r (f e{f)ds]dt+f <df{e^),df{e^)> dS. 

Given any > 0, we can choose t2 large enough such that 

+ L (L '<^' * ^ L (L * ■ 

If we choose 5 and e' to be small, that is, if we choose to to be large, then we have 

n-l-5 



n — 1 — e < 



1 + e' 
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(3.8') and (3.9) give 

If 

2 Jh 



e{f)dS 

+ / <df{ei),df{ei) > dS 
> [ <df{ei),df{e2)> dS. 

The above inequality is in contradiction with (3.7). We note that by letting t„ to be 
large, we can choose 6 and e' to be as small as we like, that is, we can choose e as 
small as we like. Then (3.8) holds for all ti large. For t > ti let 

(3.8) implies that 

F{t) -F{t + l)>{n-l- e)F{t + 1) , 
when t is large. That is, 

F{t) > (n - t)F{t + 1) > • • • > (n - t)"'-^F{t + m) . 

There exists a positive constant C such that 

(3.10) F{t) < C{n - e)-* = C'e-*^"^"-^) for t large . 

Using the relation e~* = p we have obtained (3.2). (3.2) or (3.10) indicate an expo- 
nential decay in terms of the distance to a fixed point in (M, g). □ 

Remcirk 3.11. There are non-constant harmonic maps defined outside a compact 
set of a hyperbohc space which have finite total energy. Let r — \x\, where x e 
Then 

u{r)^j ^ I dt 



is a non-constant harmonic function defined on 5"+^ \ |0}. / is singular at [1]. The 
energy density is given by 

Hence the total energy inside Dp^ decays in order 0{p^^). 

Let M be an asymptotically hyperbolic manifold. Let / be a harmonic map 
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defined on the whole M. The above example demonstrates that we need to use a 
global argument in order to conclude that / is a constant map if E{f) < oo. We 
consider the most interesting case when M is a hyperbolic manifold. Let F be a 
discrete group of isometries on H"^"*"^. Suppose that F is without parabolic elements 
and M = H"+^/F is a complete non-compact manifold. It is known that M is the 
interior of a compact manifold and the metric is conformally compact [11]. Let 5(F) 
be the exponent of convergence of the Poincare series corresponding to F. Then for 
any a > 5(F), the series 

converges, where x e H"+^ is a fixed point and dn is the distance function in the 
hyperbolic space. 

Lemma 3.12. For an integer n > 3, let M = H"+^/F be a complete hyperbolic 
manifolds with 5(F) < n/2 — 1. Suppose that F has no parabolic elements. Then there 
is no non-constant harmonic map on M with finite energy. 

Proof. Let a be a number such that 

5{V)<a<l-l. 

We have 

oo 

(3.13) e-"'^^^^'^^) > e F I A; < dnix, jx) < k + 1} e-('^+^)" . 
7er fe=o 

The left hand side of (3.13) converges by the comparison test. Therefore we have 
lim tt{7 e F I A; < dnix, ^x)<k+ 1} e-('=+^)" - . 

fe— +0O 

Hence there exists a positive constant C such that 

tt{7 e F I A; < dnix, ^x)<k + l}< Ce-^^+^^" . 

We obtain 

(3.14) tt{7 e F| < dnix, 7x) < A;} < C V 6-^^+')" < C ^ e'^'^dx < C"e"*^ , 

where C and C" are positive constants. Let Bx{k) C Bx{2k) be balls in H"+^ with 
center at x and radius k and 2k respectively, where k = 1, 2, .... Let p : H"+^ M 
be the covering map. Assume that there is a harmonic map / : M N with finite 
energy. Let Co be a positive number such that E{f) < Co- Denote / the lifting 
of / to H"'^-'^. For each y G Bx{k), we have dM{p{y),p{x)) < k, where c/m is the 
distance in M. Hence there exists a fundamental domain A such that y and 7a; are 
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inside A for some 7 e F. Furthermore dH{y,^x) < k. By (3.14), the number of ^yx 
inside Bj.{2k) is lesser than or equal to C'e^""^. Therefore the number of fundamental 
domains needed to cover Bx{k) is lesser than or equal to C'e^"'^. Let E[f , k) be the 
total energy of / on Bx{k). Since E{f) < Co, we have 

Eif,k) < CoC'e'''^. 

If / is a non-constant harmonic map, then E{ f , A:) grows in the order of e*-"'"^^*^ [8]. 
IfQ;<n/2 — 1, then / has to be a constant map. Hence / is a constant map. □ 



dp ^ C 



§ 4. Energy Growth and Liouville Type Theorem 

We show that if / is a harmonic map defined on the whole of M and has infinite 
energy, then the energy grows exponentially in terms of the distance. 

Theorem 4.1. For an integer n > 3, let {M,g) be an asymptotically hyperbolic 
manifold. If f : {M, g) {N, 7) is a harmonic map with E{f) — 00, then for any 
S > 0, we have 

where C is a positive constant depending on f and S. 
Proof. Let 

where ^ is a compactly supported function to be determined later. A calculation 
using (2.2) shows that 

Let X e M. We may choose local coordinates above x such that 

d d d 
(ei,e2, ....,e„+i) = (p— , p— 



'<-> 'r<-i ) 'r<-i J 

Op 0X2 OXn+1 

is an orthonormal basis for Tx{M). Then 

Vei^ = (pO ei and Ve, ^ = (^^ P ^) - 
ior 2 < j, k < n + 1 . Using formula (2.6), we obtain 
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(4.2) ^ l<f)[p^'-n^^l^ph^^'-l^]d, 

-2 jpC' < df{e,),df{e,) > - < df{e,),df{ej) >| dg 



-[ Pih 

Jm 



ki 

dp 



< df{ek),df{ej) > dg 



Given any positive number 5 , using the fact that 



n+l 



and (4.2), we have 

(4.3) -/ p^'e(f)dg + (n-2-S) [ ^e(f)dg 

- I W)dg-2f {pe<df{ei),df{ei)> +C<df{ei),df{ei)>}dg 
Jm Jm 

p^h' 



1 



2 Jm op 



''^^''e{f)dg 



<df{eu),df{e^)> dg. 



dp 



Given e > , let 



4){x) 



Hp) 



For Ti > T > 0, set 

Then 
(4.4) 

Substitute into (4.3), we obtain 
d 



1, ift<l; 

1 + ifl<t<l + e; 

0, if t > 1 + e . 





-H7 






dr 



= -*/„W''»^^'|-(/„«^(-f>*) + 2-|:(/„e<«/(^.).#(ei)> da 

+2tiA C /■ ^ < df(ei),df(ei) >dg)-2f (< df{e,),df(e,) > dg 

OTi \Jm / Jm 



Since /i is a smooth metric on closure M, there exists a positive constant Co such that 
\ph''^\<CoP and \ph'^'q^<df{ek),df{ei)>\<Cope{f). 



dp 



dp 
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For the positive number 5, if ti and r are small, then the last two terms in the right 
hand side of (4.5) are dominated by the first term. Consider the second and third 
term in the right hand side of (4.5), they are negative. As for the fourth term, it is 
independent of r. If E{f ) = oo, then E{f, r) — cxo as r — 0. Therefore the fourth 
term is also dominated by the first term if r is small enough. Finally, the fifth term 
is negative. Hence 

(4.6) ^(,..--/^je(/)d9)<0, 
which is ture for r small. Let e — > and then integrate, we have 

where C is a positive constant depending on the map / and the constant 6. □ 

It is shown in [5] and [12] that if / : — > A?" is a non-constant harmonic 
map, then E{f) cannot be finite. Moreover, [12] contains a growth formula on energy 
for Euclidean spaces. Later, in [8] and [13], it is showed that if / is a non-constant 
harmonic map defined on a complete, simply connected manifold of suitably pinched 
negative sectional curvature, then E{f) again cannot be finite. Also, a growth formula 
is obtained in [8]. Except for the arbitrary positive constant 6, the growth formula 
in [8] agrees with the present formula on hyperbolic spaces. For further discussion 
on finiteness and growth of energy, we refer to the comprehensive surveys [3] and [4] , 
and the references within. 

Remark 4.7. By lemma 3.12 and theorem 4.1, if M = H^+^/F is a complete hy- 
perbolic manifold without cusps and 5(r) < n/2 — 1, then any non-constant harmonic 
on M have the energy growth specified in theorem 4.1. 

Remark 4.8. If (M, g) is a simply connected asymptotically hyperbolic manifold 
with negative sectional curvature. Suppose that the sectional curvatures of (M, g) 
satisfy —b^ < K < —a^ with na > 2b. Then any harmonic map with finite total 
energy is a constant map (cf. [8]). Hence any non-constant harmonic map on {M,g) 
have energy growth as in theorem 4.1. 

Theorem 4.9. For an integer n > 3 , let M be a asymptotically hyperbolic manifold 
and f : M ^ N be a harmonic map. If there exists a point yg E N such that 

dNif{x),yo) < Cp'+^{x) for xeM, 

where a > and d^ is the distant function of N, then f has finite energy. In 
particular, if M = H^+^/F is a complete hyperbolic manifold without cusps and6{T) < 
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n/2 — 1, or {M,g) is a simply connected asymptotically hyperbolic manifold with the 
sectional curvatures of (M, g) satisfying —b^ < K < —c? with na > 2b, then f is a 
constant map. 

Proof. Let {yi, ...,ym\ be a local coordinate system above a neighborhood U of yo 
such that yo = and 



(4.10) 



dyk 



Vk + 27ij(y) > 7y (y) for yeU 



See [7] for a discussion on the existence of such a local coordinate neighborhood. In 
such a local coordinate system we have 

1^(3:^)1 = \yiof{x)\ < Cp'+'^ix) for xeM. 

Near dM, let {xi = p, X2, a;„+i} be local coordinates for M , where p is a defining 
function such that the Riemannian metric g can be expressed in the form as in (2.2). 
Then 

Eif)^ [ p^h-^^,,^^4^dh. 

Jm OX a OXp p"+^ 

Let ^ be defined as in the proof of theorem 4.1. The first variational formula (2.7) 
with respect to 

m = e(p(^))/ 

gives (cf. [7]) 



(4.11) 



'^^^•^^V^ + 2,,(/) 



Im [ dyk 

-2/ /i"^7^. 
Jm 



a/3 



dxa dx 
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,n-l 



dh 



OXa OXj3 ^ 



We have 
(4.12) 



1 dp 



dxp €T p^ dxp 
If we let e — > 0, we obtain 



for (1 + e)T > p > T . 



(4.13) 



/ 



M{t)\M{ti) 



df\jdp 1 



j^apdf^df^J_ 



dxa dxp p"" 



jdh + R{ti) 



= -2/ h-^^.,^f-^^ds, 
JdM{T) ^^dxj dxfiP'^-^ ' 



dxp p" 



where Ti > r and R{t-\) is a term depending on ti but not on r. Here ds is the 
measure of dM^ induced by the Riemannian metric h. Recall that 



M^ = {x e M \ p{x) > r } 
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Let 



(4.14) f{t) = / ^ (/)/,"/3_L_L dh + R{n) . 

Jm(t)\m{ti) oxa axp p" ^ 

Differentiating botli side of (4.14) we liave 

dr JdM{T) dxa dxjj p""^ 

Using Holder's inequality and the fact that p and h""^ are smooth functions on the 
closure M, we obtain 

where C" is a positive constant depending on p and h. Since dj^{f{x) , — 0{p^'^'^{x)) 
for some o" > 0, we have 



(4.16) / h,iff 

JdMM 



C" 

^n— 1 — T-n— 3— 2(7 



ldM{T) p"""-" T'' 

for some constant C" > 0. Using (4.14), (4.15) and (4.16), we obtain 

C" dF 



T 



n— 3—2(7 



dT ' 



or 



Assume that the harmonic map / has infinite energy. Then F{t) — > oo as r — > 0. 
Hence 



F{t) Jo dr \F{r) J " C" Jo 
Or 

(4.18) £;(/, r) < C"r-("-'-''^) . 

As the total energy is infinity, we can apply theorem 4.1. If we choose the positive 
constant 6 in theorem 4.1 to be lesser than 2o", then we have obtained a contra- 
diction. Hence the total energy of / is finite. In case M = H"+^/r is a complete 
hyperbolic manifold without cusps and 6{r) < n/2 — 1, or (M, g) is a simply connected 
asymptotically hyperbolic manifold with the sectional curvatures of (M, g) satisfying 
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—6^ < K < —€? with na > 26, then / is a constant map by remark 4.7 and 4.8. □ 

We introduce normal coordinates {r, uj2 , ■■■■UJm} about i/o, where r is the radial 
distance to q and {u!2 , ■■■■<^m) G S"^~^. Denote 

Lemma 4.19. Let M be an asymptotically hyperbolic manifold and f : M ^ N 
be a harmonic map. Assume that f^,2 <i <m, can be extended as C^-functions on 
M . If there exists a point yo E N such that 

dN{f{x),yo) < Cp''{p) for some i/ > 0, , . 

then 

dN{f{p),q) = 0{p''). 

Proof. As above, {xi = p,X2,....,Xn+i} is a local coordinate system for M. The 
equations for harmonic maps are of the form 

(4.20) = A/. +/r.ri.gg = o. 

We regard this as an equation on The terms involving and its derivatives, for 
2 < i < m, are considered to be coefficients of the equation. By the assumption we 
have = 0{p^). Let L be the linearization of J about the zero function, that is, 

(4..) .,„)..„.,v^(r.|i|£.r..|i|-), 

The normal operator [10] of L is A, the Laplacian operator for (M.g), which has 
and n as the indicial roots. The argument in [10] shows that = 0{p^). □ 

We can apply lemma 4.19 to weaken the decay assumption in theorem 4.9. 
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